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THE EXISTENCE OF EXTREMIZERS OF BLASCHKE-SANTALO´ TYPE
INEQUALITIES
BEN LI
Abstract. We discuss a topological structure on families of convex functions and then apply
it to show the existence of extrimizers for the functional Santalo´ inequality with respect to
polar transform and its reverse.
1. Introduction
The Legendre transform L is a classical and well known operation which is an isomorphim
of the set of closed proper convex functions Cvx(Rn). For a convex function φ ∈ Cvx(Rn), it
is defined by Lφ(y) = sup
x
{〈x, y〉 − φ(x)}. It is the only involution on Cvx(Rn) [3].
The polarity transform A of Cvx0(Rn), the class of non-negative convex functions vanishing
at 0 (called geometric convex functions), is defined as follows [4]
Aφ(y) =

sup
{x∈Rn;φ(x)>0}
〈x, y〉 − 1
φ(x)
if 0 6= y ∈ {φ−1(0)}◦
0 if y = 0
+∞ if y 6= {φ−1(0)}◦
It was shown in [4] that the epi-graph of A[φ] is the reflection of the polar set of the epi(φ).
One of the central results in convex geometry concerns the volume product of a convex body
and its polar body, which is sometimes refered to as Mahler product. It asserts that there is
a universal constant c > 0 such that for any o-symmetric convex body K ∈ Rn,
(1.1) cn · w2n ≤ vol(K)vol(K◦) ≤ w2n,
where wn = vol(B
n
2 ). The right hand side inequality is called Blaschke-Santalo´ inequality
and was proved by Santalo´ in [24]. The left hand side inequality is called Bourgain-Milman
inequality which was shown in [7]. It should be noticed that the Mahler product is invariant
under non-singular affine transformations. The optimal lower bound for the Mahler product
is still kept in mystery, known as Mahler conjecture. It asks whether the optimal lower bound
of (1.1) achieves among all o-symmetric convex bodies at the so called Hanner polytopes (e.g.,
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2 B. LI
the high dimensional cube or the cross polytope) or achieves among all convex bodies with
centroid o at simplices. A recent break through was due to Iriyeh and Shibata [15]. They
proved this conjecture for 3-dimensional convex bodies (see also [11] for a simplified proof).
The functional counterparts of volume product corresponding to different “polarity” are
studied extensively in the past decades. Let T ∈ {L,A}. We define PT (·) on Cvx(Rn) if
T = L, on Cvx0(Rn) if T = A as following
(1.2) PT (φ) :=
∫
Rn
e−φ(x)dx
∫
Rn
e−T φ(x)dx
for φ ∈ Cvx(Rn), respectively, φ ∈ Cvx0(Rn).
In the case of T = A, we consider the functional PA(·) on the subset of geometric convex
functions Cvx+0 (R
n) = {φ ∈ Cvx0(Rn) : 0 <
∫
Rn
e−φ(x)dx < ∞}. The Blaschke-Santalo´ type
inequality were proved in [5], it states that there exist universal numerical constants c, C > 0
such that for any integrable geometric log-concave function f = e−φ with centroid at 0,
(1.3) cnw2n ≤ PA(φ) =
∫
Rn
e−φ(x)dx
∫
Rn
e−Aφ(x)dx ≤ (n!wn)2(1 + C
n
)
The left hand side inequality holds also without the assumption that the centroid of φ is at 0.
The authors remarked also that if a maximizer exists, there must be a rotationally invariant
maximizer. But it was not clear whether the maximizer and the minimizer exist. The result
of this short note will give a affirmative answer to this question.
Theorem 1.1. The functional PA(·) achieves maximum and minimum on the subset of even
functions in Cvx+0 (R
n). Moreover, it achieves maximum and minimum on the subset of func-
tions in Cvx+0 (R
n) with centroid 0.
When T = L, the bounds for the value of the functional PT (·) on the set of functions
Cvx+(Rn) = {φ ∈ Cvx(Rn) : 0 <
∫
Rn
e−φ(x)dx <∞} are estebalished and this is refered to as
the functional Blaschke-Santalo´ inequalities for log-concave functions [17], i.e., there exists an
absolute constant c > 0 such that for any integrable even log-concave function f = e−φ
(1.4)
(
2pi
c
)n
≤ PL(φ) =
∫
Rn
e−φ(x)dx
∫
Rn
e−Lφ(x)dx ≤ (2pi)n.
The maximum for the functional PL(·) on even convex functions was first observed by Ball [6]
and later was extended to general case by Artstein-Avidan, Klartag and Milman [2] and
Fradelizi and Meyer [12]. In the latter two papers it is proved that the maximum of PL is
achieved uniquely at Gaussians. The left hand side inequality of (1.4) is due to Klartag and
Milman [17] and it is deduced from the Bourgain-Milman inequality. However, to the best of
the author’s knowledge, it is not clear whether the tight lower bound exists. The next theorem
shows that the lower bound should also be saturated.
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Theorem 1.2. The functional PL(·) achieves minimum on the subset of even functions in
Cvx+(Rn). Moreover, it achieves minimum on the subset of functions in Cvx+(Rn) with
centroid 0.
On Cvx0(R
n) another isomorphim which is called gauge transform, denoted by J , was
studied in [4] which is given by
(J φ)(x) = inf
{
r > 0 : φ
(x
r
)
≤ 1
r
}
.
A key observation [4] is that A◦L = L◦A = J . The polar transform and the guage transform
are the only order reversing involutions defined on Cvx0 [4].
Using the same method it can be shown that the functional PJ (φ) =
∫
e−φ
/∫
e−Jφ
has a maximum and a minimum on Cvx+0 . In fact, a Blaschke-Santalo type inequality for
J transform can be established as well. It was obtained by D. Florentin and A. Segal very
recently [9] that on Cvx+0 ,
(1.5) c−1n ≤ PJ (φ) =
∫
e−φ
/∫
e−Jφ ≤ cn
where the cosntant cn depends on the dimension and is asymptotically n!. They are able to
characterize the extremal occations. The maximizer is a truncated norm which is truncated
at height asymptotically
1
n
. The minimizer is simply the J transform of the maximizer [9].
For a convex function φ : Rn → R ∪ {∞}, we denote its sub-level sets by Gφ(s) = {x ∈ Rn :
φ(x) ≤ s}, s ∈ R and its centroid (with respect to Lebesgue measure) by
c(φ) =
∫
Rn xe
−φ(x)dx∫
Rn e
−φ(x)dx
.
The convex indicator function IK(x) = 0 whenever x ∈ K and IK(x) =∞ elsewhere. For two
functions φ and ψ, φ ∧ ψ(x) = min{φ(x), ψ(x)};φ ∨ ψ(x) = max{φ(x), ψ(x)}. In this note we
denote by F the collection of closed sets, K the collection of compact sets and G the collection
of open sets. All sets in these collections should be understood of subsets in Rn (or Rn+1)
equipped with the standard topology.
In section 2, we will briefly recall the definition of τ -topology defined on the set of functions,
collect useful lemmae and derive the continuity of polar transform with respect to τ -topology.
Section 3 and 4 are devoted to the proof of the main theorems.
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2. Topology for Closed Sets and Functions
In this section we first describe the τ topology for the set of closed sets in Rn. Some results
presented here can be found in Chapter 4 of [22] and Section III of [8]. Then we discuss τ -
topology for convex functions. We also collect a few known results on functions which will be
used repeatedly. Other known lemmae are introduced in the sections in which they are used.
2.1. Topology of the Space of Closed Sets. We start with defining semi-limit of sets. For
a sequence of subsets {Km}m∈N, lim sup
m
Km consists of elements that are limits of elements
contained in Km for infinitely many m and lim inf
m
Km consists of elements that are limits of
elements contained in Km for all but finitely many m. That is,
Definition 2.1 ( [22]).
lim sup
m→∞
Km := {x : ∃{mj} such that xmj ∈ Kmj and xmj → x as j →∞};
lim inf
m→∞ Km := {x : ∃M so that for m > M, ∃xm ∈ Km and xm → x as m→∞}.
We say that a sequence of sets Km converges in τ -topology to a set K , denoted by Km
τ−→ K,
if
lim supKm ⊂ K ⊂ lim inf Km.
Remark 2.2. (1) Note that for convex bodies, this topology is equivalent to the topology
induced by Hausdorff metric dH (see, e.g., Theorem 1.8.8 of [25]). It’s also called Γ-topology
in some literature.
(2) The τ -topology of closed sets is generated by the subbase of open sets
(2.1) {FK : K is compact } and {FG : G is open }.
where F is the collection of closed subsets of Rn and for any set S ∈ Rn,
FS := {F ∈ F : F ∩ S = ∅}, FS := {F ∈ F : F ∩ S 6= ∅}.
(3) The τ -topology of closed sets is metrizable (see, e.g., [20]). Thus compactness is equivalent
to sequencial compactness under this topology. Moreover, with this topology the space of
closed subsets of Rn is compact [8].
Next lemma will be useful.
Lemma 2.3 ( [22]). For a sequence {Cm}m of convex sets of Rn, lim inf
m→∞ Cm is convex, and so
is lim
m→∞Cm whenever it exists.
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2.2. Limit of Functions. Now we describe τ -topology for functions.
Definition 2.4 ( [22]). A sequence of functions φm converges to φ in τ -topology if
epi(ψm)
τ−→ epi(ψ),
written as φm
τ−→ φ. We say φ = τ -lim inf φm if epi(φ) = lim inf epi(φm); φ = τ -lim supφm if
epi(φ) = lim sup epi(φm).
Note that I∞Km
τ−→ I∞K if and only if Km → K. We shall see that the polar transform for
geometric convex functions is continuous with respect to τ -topology. Before we prove this
result, we collect a few well known results for functions associated with τ -topology.
Lemma 2.5 ( [18]). Suppose that {φm}, φ ∈ Cvx(Rn) are such that φm τ−→ φ. Then the level
sets Gφm(t)→ Gφ(t) for t 6= inf φ.
Lemma 2.6 ( [2]). Suppose that fm = e
−φm , f = e−φ,m = 1, 2, ... are log-concave functions
where φm, φ are convex functions satisfying fm → f pointwise on a dense set of Rn. Then
(1)
∫
fm →
∫
f .
(2)
∫
xfm →
∫
xf if
∫
f <∞.
(3) L(fm)→ L(f) locally uniformly on the interior of supp(L(f)) where L is the Legendre
transform.
Lemma 2.7 ( [22]). For any sequence {φm} of convex functions on Rn such that φm τ−→ φ,
the function φ is convex . If, moreover, dom(φ) has nonempty interior, the following three
statements are equivalent:
(1) φm
τ−→ φ
(2) there is a dense subset A ⊂ Rn such that φm(x)→ φ(x) for all x in A.
(3) φm converges uniformly to φ on every compact set C that does not contain a boundary
point of dom(φ).
Lemma 2.8 ( [19]). If φm and φ are closed convex functions with φm
τ−→ φ, then φm → φ
pointwise on int dom(φ).
Next proposition is well known. Here it readily follows from Lemma 2.6 and Lemma 2.7 .
Proposition 2.9 ( [23]). φm
τ−→ φ is equivalent to Lφm τ−→ Lφ.
Next lemma addresses the continuity of polarity operation on closed (not necessarily bounded)
convex sets when the latter is equpped with τ -topology, it was shown in [18] (see also [26]).For
completeness, we provide a proof.
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Lemma 2.10 ( [18]). Let {Km}∞m=1,K are closed convex subsets in Rn satisfying Km τ−→ K.
Then K◦m
τ−→ K◦.
Proof. With Proposition 2.9 and direct computation it is clear that
Km
τ−→ K ⇔ I∞Kn
τ−→ I∞K ⇔ L(I∞Kn)
τ−→ L(I∞K )⇔ hKm τ−→ hK .
Since inf
x∈Rn
hK(x) < 1, by Lemma 2.5, GhKm (1) → GhK (1). But GhK (1) = {x : hK(x) ≤ 1} =
{x : ‖x‖K◦ ≤ 1} = K◦, we then have K◦m τ−→ K◦. 
Next lemma aims to compare sub-level sets of a convex function and its polar dual and
Legendre dual. It can be found in [21] (see also [5] and [13]).
Lemma 2.11 ( [21]). For φ ∈ Cvx0, s > 0,
(1) {x : Aφ(x) ≤ s−1} = s−1{x : Lφ(x) ≤ s};
(2) {x : φ(x) ≤ s}◦ ⊂ s−1{x : Lφ(x) ≤ s} ⊂ 2{x : φ(x) ≤ s}◦.
Moreover, it follows immediately from Lemma 2.6 and Lemma 2.7 that the centroid with
respect to Lebesgue measure is continuous with respect to τ -topology.
Proposition 2.12. If φm
τ−→ φ and 0 <
∫
e−φ <∞, then c(φm)→ c(φ).
3. The space of Geometric Convex Functions and the Extremal of Polar
Blaschke-Santalo´ inequality
3.1. The space of Geometric Convex Functions. We consider the class of closed proper
convex functions on Rn. A convex function φ : Rn → R ∪ {∞} is proper if φ(x) < ∞ for
at least one point and φ(x) > −∞ for every x; it is closed if epi(φ) is a closed set. Note
that for a proper convex function, closedness is the same as lower semi-continuity. For basic
properties of convex functions, we refer the reader to [21]. We donote by dom(φ) the set
{x ∈ Rn : φ(x) <∞}.
Let SC(Rn) be the set of lower semi-continuous functions, Cvx(Rn) the set of closed convex
functions and Cvx0(R
n) the set of nonegative closed convex function vanishing at the origin.
Clearly, Cvx0(R
n) ⊂ Cvx(Rn) ⊂ SC(Rn).
In the following, we see that with the τ -topology introduced in the previous chapter, SC(Rn)
and Cvx0(R
n) form compact topological spaces.
Proposition 3.1 ( [8]). The topological space (SC(Rn), τ) is compact.
Proposition 3.2. The topological subspace (Cvx0(R
n), τ) is compact.
Proof. For (Cvx0(R
n), τ) ⊂ (SC(Rn), τ), we shall show that
{F ∈ F : F = epi(φ), φ ∈ Cvx0(Rn)}
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is closed in τ topology. Note that for any open set G ⊂ Rn, FG×(−∞,0) is closed in τ topology,
so is F{0}×[0,a] for any a ≥ 0. Now observe that
{F : F = epi(φ), φ ∈ Cvx0(Rn)} =
(⋂
G∈G
FG×(−∞,0)
)⋂⋂
a≥0
F{0}×[0,a]

⋂
{F ∈ F : F = epi(φ), φ ∈ SC(Rn)}
⋂
{convex sets}.
The collection {F ∈ F : F = epi(φ), φ ∈ SC(Rn)} is closed by Proposition 3.1 and the
collection of convex sets is closed by Lemma 2.3. Hence the right hand side of the above
equation is closed in τ topology for it is an intersection of closed sets in τ topology. Therefore
the propostion follows. 
We will use the classical John’s theorem [16] (see, e.g., [14]) which we recall now.
Theorem 3.3 (John’s Theorem). For each central symmetric convex body K ∈ Rn, there is
a unique ellipsoid E with the same center for which E ⊂ K ⊂ √nE. For each convex body
K ∈ Rn, there is a unique ellipsoid E with center b ∈ K for which b+ E ⊂ K ⊂ b+ nE.
We are concerned with, in this section, the behavior of the functional PA(·) (cf. (1.2)) on a
subset of geometric convex functions. We denote the set of non-degenerate geometric convex
functions by
Cvx+0 :=
{
φ ∈ Cvx0 : 0 <
∫
e−φ <∞
}
,
and the set of non-degenerate geometric convex functions with centroid 0 by
Cvx+0,c :=
{
φ ∈ Cvx0 : 0 <
∫
e−φ <∞, c(φ) = 0
}
.
For heuristical reasons we treat firstly the case of even functions. The general case is more
involved and will be treated thereafter.
Let Se be the set of functions
(3.1) Se :=
{
φ ∈ Cvx0 : φ(x) = φ(−x), ‖ · ‖2 ∧ I∞Bn2 ≤ φ ≤ 1 + I
∞
Bn2 /
√
n
}
.
Equivalently, by the convexity, φ ∈ Se if and only if φ ∈ Cvx0 and Bn2 /
√
n ⊂ Gφ(1) ⊂ Bn2 .
Clearly, Se is a subset of Cvx
+
0 , as any function in Se has finite positive volume, i.e.,∫
e−φ(x)dx ≤
∫
e
−‖·‖∧I∞
Bn2
(x)
dx ≤ vol(Bn2 )(n · n! + 1) <∞,
and
e−1n−n/2vol(Bn2 ) =
∫
e
−1−I∞
Bn2 /
√
n
(x)
dx ≤
∫
e−φ(x)dx.
By John’s theorem 3.3, any function in Cvx+0 can be brought into S by some T ∈ GL (n).
Indeed, given an even function φ ∈ Cvx+0 , its sub-level set Gφ(1) = {x : φ(x) ≤ 1} is an
o-symmetric convex body. The John’s theorem assures that there is T ∈ GL (n) such that
Bn2 /
√
n ⊂ T (Gφ(1)) ⊂ Bn2 . Thus T−1φ ∈ Se.
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Lemma 3.4. Se is a closed subset of Cvx0(R
n) and hence it is compact.
Proof. Suppose {φm}m is a sequence of function in Se such that φm τ−→ φ. The compactness
of the space Cvx0(R
n) guarantees that φ ∈ Cvx0(Rn). By Lemma 2.5, Gφm(1) → Gφ(1) in
Hausdorff topology. It follows that Bn2 /
√
n ⊂ Gφ(1) ⊂ Bn2 . As for the eveness, since φ is a
closed convex function, it is enough to check on values in the interior of its domain. Hence
for any x ∈ int(dom(φ)), by Lemma 2.8, we have φ(x) = lim
m→∞φm(x) = limm→∞φm(−x) =
φ(−x). 
Next we consider the non-degenerate geometric convex functions, not necessarily even, but
with centroid at the origin.
In this case we take a look at the following subset of functions:
(3.2) S1 :=
⋃
0≤t≤n
{φ ∈ Cvx0 : te1 +Bn2 ⊂ Gφ(1) ⊂ 2nBn2 }
and
(3.3) S1,c := {φ ∈ S1 :
∫
Rn
xe−φ(x)dx = 0} = S1 ∩ Cvx+0,c,
where e1 = (1, 0, 0, · · · , 0).
Observe that any geometric convex function φ ∈ Cvx0,c can be brought into S1,c by a linear
transformation. Indeed, φ ∈ Cvx0,c implies that Gφ(1) is a convex body with 0 ∈ int(Gφ(1)).
By the John theorem 3.3, there are a ∈ Rn, T ∈ GL (n) such that
(3.4) a+ TBn2 ⊂ Gφ(1) ⊂ a+ nTBn2 .
a is the center of the John ellipsoid of Gφ(1). Applying T
−1 yields
(3.5) T−1a+Bn2 ⊂ T−1Gφ(1) ⊂ T−1a+ nBn2 .
Appealing to an appropriate rotation O ∈ O(n), one has
(3.6) te1 +B
n
2 ⊂ OT−1Gφ(1) ⊂ te1 + nBn2
where e1 = (1, 0, ..., 0) and te1 = OT
−1a, t ≥ 0. Since 0 is still in the interior of OT−1Gφ(1),
t < n. It follows that OT−1Gφ(1) ⊂ 2nBn2 . Since the centroid does not change by a linear
transformation, TO−1φ ∈ S1,c.
Now we firstly show that S1 is closed.
Lemma 3.5. S1 is closed and hence compact.
Proof. We shall prove here that the complement of S1, S
c
1 , is open in (Cvx0, τ). Let
(3.7) E0 = {F ∈ F : F = epi(φ) for some φ ∈ Cvx0}.
(3.8) E1 = {F ∈ F : F = epi(φ) for some φ ∈ S1}.
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Elements in E0 (resp. E1) is one-to-one correspondent to elements in Cvx0 (resp. S1).
Let F ∈ E0 \ E1. Then either of the following two cases (or both) will happen.
Case 1. Let G = (2nBn2 )
c × (0, 1)and F ∩ G 6= ∅. Since G is an open set, FG is open in τ
topology. Clearly, FG ∩ E1 = ∅. Thus FG ∩ int(E0) is an open neighborhood containing F and
contained in E0 \ E1.
Case 2. F ∩ {xn+1 = 1} ⊂ 2nBn2 does not contain any int(te1 + Bn2 ), t ∈ [0, n]. We claim
that there are {xt ∈ Rn}0≤t≤n, {0 < at < 1}0≤t≤n and Ot ∈ G, 0 ≤ t ≤ n,G′ ∈ G(independent
of t) such that
(3.9) xt ∈ Ot, Ot ∩ te1 +Bn2 6= ∅, Ot × (at, 1] ⊂ (G′)c ⊂ F c
for all 0 ≤ t ≤ n.
To see this, we need a distance function defined for each closed set. For closed sets K,F
define
(3.10) dF (K) = max
x∈K
d(x, F ) = max
x∈K
inf
y∈F
‖x− y‖2.
Now observe that dF (K) is lower semi-continuous, i.e., as Km → K,
(3.11) lim inf
m→∞ dF (Km) ≥ dF (K).
Indeed, if Km → K, for ∀x ∈ K, by definition of set convergence there is a sequence {xm}m
such that xm ∈ Km and xm → x. Thus
d(x, F ) = inf
y∈F
‖x− y‖2 ≤ inf
y∈F
‖x− xm‖2 + ‖xm − y‖2 = ‖x− xm‖2 + d(xm, F )
Taking lim inf with respect to m on both sides yields
d(x, F ) ≤ lim inf
m→∞ d(xm, F ).
Then by definition of dF (·) (3.10),
d(x, F ) ≤ lim inf
m→∞ d(xm, F ) ≤ lim infm→∞ dF (Km).
Taking maximum over x ∈ K on the left hand side gives (3.11).
In this case, F1 := F ∩ {xn+1 = 1} not containing any int(te1 +Bn2 ), 0 ≤ t ≤ n is equivalent
to the statement
(3.12) dF1(te1 +B
n
2 ) > 0, 0 ≤ t ≤ n.
Thus we have inf
0≤t≤n
dF1(te1 + B
n
2 ) ≥ 0. Now we show that inf
0≤t≤n
dF1(te1 + B
n
2 ) > 0. Suppose
that inf
0≤t≤n
dF1(te1 +B
n
2 ) = 0. Then there exists an infinite sequence {tm}m such that
lim
m→∞ dF1(tme1 +B
n
2 ) = 0.
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Moreover, since {tm} ⊂ [0, n], there is a subsequence {tmj}j satisfying lim
j→∞
tmj = t0 ∈ [0, n]
and
(3.13) lim
j→∞
dF1(tmje1 +B
n
2 ) = 0.
On the other hand, since obviously tmje1 +B
n
2 → t0e1 +Bn2 and (3.11),
(3.14) lim inf
j→∞
dF1(tmje1 +B
n
2 ) ≥ dF1(t0e1 +Bn2 )
Combining (3.13), (3.14) and non-negativity of the function dF1(·), we have
dF1(t0e1 +B
n
2 ) = 0,
which is a contradiction to (3.12). Therefore we have shown that inf
0≤t≤n
dF1(te1 +B
n
2 ) > 0.
Let ε0 > 0 be such that inf
0≤t≤n
dF1(te1 +B
n
2 ) > ε0. For each t, let xt be such that d(xt, F1) >
ε0. Let Ot = int
(
B(xt,
ε0
2
)
)
a ball centered at xt with radius ε0/2. Last, let G
′ be an open
set such that F ⊂ G′ and G1 = G ∩ {xn+1 = 1} ⊂ F1 + ε0
2
Bn2 . It’s straightforward to verify
that these {xt}t, Ot, 0 ≤ t ≤ n and G′ satisfy conditions in (3.9).
Now
⋃
0≤t≤n
Ot × (at, 1] is open, (G′)c is closed and
cl
 ⋃
0≤t≤n
Ot × (at, 1]
 ⊂ (G′)c ⊂ F c.
Therefore,
cl
 ⋃
0≤t≤n
Ot × (at, 1]
⋂F = ∅.
In other words,
F ∈ Fcl(
⋃
0≤t≤nOt×(at,1]).
It’s also clear that
Fcl(
⋃
0≤t≤nOt×(at,1])
⋂
E1 = ∅.
Now one sees that there is an open neighborhood of F(
F(2nBn2 )c×(0,1)
⋃
Fcl(
⋃
0≤t≤nOt×(at,1])
)⋂
E0
such that
F ∈
(
F(2nBn2 )c×(0,1)
⋃
Fcl(
⋃
0≤t≤nOt×(at,1])
)⋂
E0 ⊂ E0 \ E1.
We conclude that E0 \ E1 is open and hence E1 is closed and so is S1.

Lemma 3.6. S1,c is closed and hence compact.
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Proof. Suppse φm
τ−→ φ and φm ∈ S1,c for all m. We shall show that φ ∈ S1,c. In fact, Lemma
3.5 guarantees φ ∈ S1. Proposition 2.12 gives c(φ) = 0.

3.2. The A transform and functional PA(·). We first establish the continuity of A.
Proposition 3.7. Let {φm} be a sequence of functions in Cvx0(Rn). Then φm τ−→ φ if and
only if A[φm] τ−→ A[φ].
Proof. Since the transform A is an involution on Cvx0 [4], it suffices to show one direction of
the assertion, say, the “if” part.
A[φm] τ−→ A[φ] ⇔ epi(A[φm])→ epi(A[φ])⇔ R(epi(φm)◦)→ R(epi(φ)◦)
⇔ epi(φm)◦ → epi(φ)◦ ⇔ epi(φm)→ epi(φ)⇔ φm τ−→ φ
where R denotes the reflection with respect to Rn. In the second equivalence we use the
geometric description of A [4]. The second equivalence from bottom is verified in the Lemma
2.10. 
Proposition 3.8. Let {φm} be a sequence of functions in Cvx0(Rn). Then φm τ−→ φ iff
J [φm] τ−→ J [φ].
Proof. It follows straightforward from the fact that A ◦ L = L ◦ A = J . 
Recall that the functional PA is defined on convex functions in the topological space
(Cvx+0 , τ):
PA : (Cvx+0 , τ)→ R
φ→ PA(φ) =
∫
e−φdx
∫
e−Aφdx.
It should be understood that PA(·) is only well defined on such functions in (Cvx+0 , τ) that
0 is contained in the interior of its domain, for example, functions with centroid at 0. For
even functions, PA(·) is well defined by Blaschke-Santalo´ inequality (1.3). More general, for
φ ∈ Cvx+0 , as long as 0 ∈ int dom(φ) we have
Proposition 3.9. If
∫
e−φdx = ∞, then
∫
e−Aφdx = 0 provided 0 ∈ int dom(φ). If∫
e−φdx > 0, then
∫
e−Aφdx > 0. Hence 0 <
∫
e−φdx < ∞ implies 0 <
∫
e−Aφdx < ∞
provided 0 ∈ int dom(φ).
Proof. If
∫
e−φdx = ∞, then Gφ(1) is an unbounded set with 0 ∈ int dom(φ). If Gφ(1) is
bounded by a convex body K, then
φ ≥ ‖ · ‖K ∧ I∞K
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where ‖ · ‖K ∧ I∞K (x) = min{‖x‖K , I∞K (x)}. Hence one has∫
e−φdx ≤
∫
e−‖x‖Kdx+ vol(K) <∞
which leads to a contradiction to assumption that
∫
e−φdx = ∞. Therefore, there exist
{Ki}i=1,Ki ⊂ Gφ(1) with 0 ∈ int dom(Ki) for all i, a volume increasing sequence of convex
bodies
vol(K1) ≤ vol(K2) ≤ · · ·
such that vol(Ki)→∞ as i→∞. Let fi(x) = ‖x‖Ki ∨ I∞Ki = max{‖x‖Ki , I∞Ki(x)}, i = 1, 2, ....
By convexity, it is clear that φ ≤ fi, ∀ i. Hence one has
(3.15) Aφ(x) ≥ Afi(x) = A
(‖x‖Ki ∨ I∞Ki) = A(‖x‖Ki) ∧ A(I∞Ki) = ‖x‖K◦i ∧ I∞K◦i .
It follows that for all i,∫
e−Aφdx ≤
∫
e
−‖x‖K◦
i
∧I∞
K◦
i dx ≤
∫
e
−‖x‖K◦
i dx+ vol(K◦i )
= Γ(n+ 1)vol(K◦i ) + vol(K
◦
i ) = (n! + 1)vol(K
◦
i ).
Now notice that as i → ∞ and vol(Ki) → ∞, vol(K◦i ) → 0. Thus
∫
e−Aφdx = 0. We have
proved the first claim.
If
∫
e−φdx > 0, then the affine dimension of dom(φ) is n and so is every sub-level set
Gφ(s), s 6= 0. Hence vol(Gφ(s)) > 0. Since 0 ∈ intGφ(s), 0 ∈ int(Gφ(s))◦ and vol((Gφ(s))◦) >
0. Then by Lemma 2.11∫
e−Aφdx =
∫ 1
0
vol(GAφ(− log s))ds
≥
∫ 1
0
vol((Gφ(1/(− log s)))◦)dx > 0.
Therefore we conclude that 0 <
∫
e−φdx < ∞ implies 0 <
∫
e−Aφdx < ∞ provided 0 ∈
int dom(φ). 
GL (n)-invariant of PA(·) is well known. The proof is routine, we omit it.
Lemma 3.10. PA is GL (n)-invariant.
Proof of Theorem 1.1. By GL (n)-invariant of PA(·), it suffices to prove that the functional
PA(·) achieves maximum and minimum on Se, respectively, S1,c. To this end, we shall show
that the functional PA(·) is continuous onSe, respectively, S1,c. Suppose {φm}m is a sequence
of function in Se, respectively, S1,c such that φm
τ−→ φ. Since Se and S1,c are closed, φ ∈ Se,
respectively, φ ∈ S1,c. By Proposition 3.7 we have Aφm τ−→ Aφ. By Lemma 2.7, φm → φ
pointwise on a dense set. It follows then from Lemma 2.6 that, as m→∞,∫
e−φmdx→
∫
e−φdx
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Thus we have ∫
e−φm →
∫
e−φ and
∫
e−Aφm →
∫
e−Aφ,
as m → ∞ which in turn imply PA(φm) → PA(φ). Now the assertions follow from the
compactness of Se (Lemma 3.4), and respectively, of S1,c (Lemma 3.6). 
4. The Blaschke-Santalo´ Inequalities with Legendre Transform
We deal with convex functions with finite positive integral, i.e.,
Cvx+(Rn) =
{
φ ∈ Cvx(Rn) : 0 <
∫
Rn
e−φ(x)dx <∞
}
,
and the functional PL defined on functions from the space (Cvx+, τ):
PL : (Cvx+, τ)→ Rn
φ→ PL(φ) =
∫
e−φdx
∫
e−Lφdx,
where L denotes the standard Legendre transform. One notes that for PL(φ) to be well defined
on φ, i.e., PL(φ) < ∞, we require 0 is contained in the interior of dom(φ). For even convex
functions and convex functions with centroid at 0, PL(·) < ∞ follows from the functional
Santalo´ inequality [2] [12]. In general, given φ such that 0 ∈ int(dom(φ)), one may deduce
from the same idea of Lemma 3.9 that if 0 <
∫
Rn
e−φ(x)dx <∞, then 0 <
∫
Rn
e−Lφ(x)dx <∞
(we omit proof for this claim). To see the range of PL(·) on the subset of functions in Cvx+
with centroid 0 we need also the linear invariant property of PL(·). Define a transformation
A = T ⊕ t of φ ∈ Cvx+, where T ∈ GL (n), t ∈ R by
Aφ(x) = Tφ(x) + t = φ(Tx) + t.
As the GL (n)-invariant for PA(·), next lemma is elementary and well known. We omit the
proof.
Lemma 4.1. PL is invariant under A = T ⊕ t.
Now we specify a subset of convex functions
(4.1) S2 :=
⋃
0≤t≤n
{φ ∈ Cvx+ : te1 +Bn2 ⊂ Gφ(2n) ⊂ 2nBn2 , inf φ = 0, 0 ≤ φ(0) ≤ n}.
Let us observe that any convex function φ ∈ Cvx+ with centroid 0 can be brought into S2 by
some transformation A = T ⊕ t. To this end, we need a result of Fradelizi ( [10], see also, e.g.,
Theorem 10.6.2 in [1]).
Lemma 4.2 ( [10]). Let f = e−φ : Rn → [0,∞) be a convex function satisfying
∫
fdx < ∞
and
∫
xfdx = 0. Then f(0) ≤ ‖f‖∞ ≤ enf(0).
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In fact, if φ ∈ Cvx+ with centroid 0, then inf φ > −∞. Let φ˜ = φ− inf φ so that inf φ˜ = 0.
Moreover, c(φ˜) = 0. Thus, deducing from Lemma 4.2, one has 0 ≤ φ˜(0) ≤ n. Therefore,
0 ∈ Gφ˜(2n). If 0 is on the boundary of the sub-level set Gφ˜(2n) then 0 is on the boundary of
dom(φ˜), this is not the case as c(φ˜) = 0. Hence 0 ∈ int
(
Gφ˜(2n)
)
. By the John’s theorem 3.3,
suitable linear transform T and rotation will bring φ˜ to S2 (cf. (3.4)).
Lemma 4.3. S2 is closed and hence compact.
Proof. Let E2 = {F ∈ F : F = epi(φ) for some φ ∈ S2}. Let
E =
(⋂
G∈G
FG×(−∞,0)
)⋂ ⋂
G∈G,G⊂(2nBn2 )c
FG×(−∞,2n)
⋂⋂
a≥n
F{0}×[n,a]

⋂
{F ∈ F : F = epi(φ), φ ∈ SC(Rn)}
⋂
{convex sets}.
E is closed since all collections in the intersection are closed in τ -topology (cf. Proposition
3.2). We will show that E \ E2 is open.
Suppose that F ∈ E \ E2 and let φF be such that epi(φF ) = F . Then F fits in at least one
of the following cases.
Case 1. φF satisfies inf φF > 0. There exists 0 < a < inf φF such that F∩(2nBn2×[0, a]) = ∅.
Therefore F ∈ F2nBn2×[0,a]. It’s easy to see that F2nBn2×[0,a] ∩ E2 = ∅.
Case 2. F ∩ {xn+1 = 1} ⊂ 2nBn2 does not contain any int(te1 + Bn2 ), t ∈ [0, n]. We have
shown that there are {xt ∈ Rn}0≤t≤n, {0 < at < 1}0≤t≤n and Ot ∈ G, 0 ≤ t ≤ n,G′ ∈ G such
that xt ∈ Ot, Ot ∩ te1 +Bn2 6= ∅, Ot × (at, 1] ⊂ (G′)c ⊂ F c for all 0 ≤ t ≤ n (cf. (3.9)).
Let
O =
(
F2nBn2×[0,a]
⋃
Fcl(
⋃
0≤t≤nOt×(at,1])
)⋂
E .
Then O is an open neighborhood of F that keeps F away from E2. 
Proof of Theorem 1.2. The continuity of PL(·) on Cvx+(Rn) is established in the same way
with that of PA(·). Now for the first statement, note that the subset of even functions in
Cvx+(Rn) is, up to a vertical shift, the same set as the set of even geometric convex functions.
But PL(·) is invariant under linear transformations and vertical shifts, it suffices to consider
PL(·) for Se. Therefore, the theorem follows from the compactness of Se (Lemma 3.4). For
the second statement, note that the range of PL on the set of functions in Cvx+(Rn) with
centroid 0 is the same as that of PL on S2 and the latter is shown to be compact (Lemma
4.3). 
For the functional PJ (φ) =
∫
e−φ∫
e−Jφ
defined on Cvx+0 , it is readily seen that PJ (·) is invariant
under linear transform T ∈ GL (n). In fact, J (Tφ) = LA(Tφ) = L((T−1)t(Aφ)) = T (LAφ) =
T (J φ). Thus along the same line with the case for A transform, we have the following theorem
which is also easily inferred from the results in [9].
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Theorem 4.4. The functional PJ (·) achieves maximum and minimum on the subset of even
functions in Cvx+0 (R
n). It also achieves maximum and minimum on the subset of functions
in Cvx+0 (R
n) with centroid 0.
We omit the proof.
References
1. S. Artstein-Avidan, A. Giannopoulos, and V. Milman, Asymptotic geometric analysis. Part I, Mathematical
Surveys and Monographs, vol. 202, American Mathematical Society, Providence, RI, 2015. MR 3331351
2. S. Artstein-Avidan, B. Klartag, and V. Milman, The Santalo´ point of a function, and a functional form of
the Santalo´ inequality, Mathematika 51 (2004), no. 1-2, 33–48 (2005). MR 2220210
3. S. Artstein-Avidan and V. Milman, The concept of duality in convex analysis, and the characterization of
the Legendre transform, Ann. of Math. (2) 169 (2009), no. 2, 661–674. MR 2480615
4. , Hidden structures in the class of convex functions and a new duality transform, J. Eur. Math. Soc.
(JEMS) 13 (2011), no. 4, 975–1004. MR 2800482
5. S. Artstein-Avidan and B. A. Slomka, A note on Santalo´ inequality for the polarity transform and its reverse,
Proc. Amer. Math. Soc. 143 (2015), no. 4, 1693–1704. MR 3314082
6. K. M. Ball, Phd dissertation, (1988).
7. J. Bourgain and V. D. Milman, New volume ratio properties for convex symmetric bodies in Rn, Invent.
Math. 88 (1987), no. 2, 319–340. MR 880954
8. S. Dolecki, G. Salinetti, and R. J.-B. Wets, Convergence of functions: equi-semicontinuity, Trans. Amer.
Math. Soc. 276 (1983), no. 1, 409–430. MR 684518
9. D. Florentin and A. Segal, A santalo´-type inequality for the J transform, arXiv 1910.10260 (2019).
10. M. Fradelizi, Sections of convex bodies through their centroid, Arch. Math. (Basel) 69 (1997), no. 6, 515–522.
MR 1480519
11. M. Fradelizi, A. Hubard, M. Meyer, E. Rolda´n-Pensado, and A. Zvavitch, Equipartitions and Mahler volumes
of symmetric convex bodies, arXiv e-prints (2019), arXiv:1904.10765.
12. M. Fradelizi and M. Meyer, Some functional forms of Blaschke-Santalo´ inequality, Math. Z. 256 (2007),
no. 2, 379–395. MR 2289879
13. , Increasing functions and inverse Santalo´ inequality for unconditional functions, Positivity 12
(2008), no. 3, 407–420. MR 2421143
14. R.J. Gardner, Geometric Tomography, Encyclopedia of Mathematics an, no. v. 13, Cambridge University
Press, 2006.
15. H. Iriyeh and M. Shibata, Symmetric Mahler’s conjecture for the volume product in the three dimensional
case, arXiv e-prints (2017), arXiv:1706.01749.
16. F. John, Extremum problems with inequalities as subsidiary conditions, Studies and Essays Presented to
R. Courant on his 60th Birthday, January 8, 1948, Interscience Publishers, Inc., New York, N. Y., 1948,
pp. 187–204. MR 0030135
17. B. Klartag and V. D. Milman, Geometry of log-concave functions and measures, Geom. Dedicata 112
(2005), 169–182. MR 2163897
18. U. Mosco, On the continuity of the Young-Fenchel transform, J. Math. Anal. Appl. 35 (1971), 518–535.
MR 0283586
19. R. Robert, Convergence de fonctionnelles convexes, J. Math. Anal. Appl. 45 (1974), 533–555. MR 352927
16 B. LI
20. A. Wayne Roberts and Dale E. Varberg, Convex functions, Academic Press [A subsidiary of Harcourt Brace
Jovanovich, Publishers], New York-London, 1973, Pure and Applied Mathematics, Vol. 57. MR 0442824
21. R. T. Rockafellar, Convex analysis, Princeton Mathematical Series, No. 28, Princeton University Press,
Princeton, N.J., 1970. MR 0274683
22. R. T. Rockafellar and R. J.-B. Wets, Variational analysis, Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences], vol. 317, Springer-Verlag, Berlin, 1998. MR 1491362
23. G. Salinetti and R. J.-B. Wets, On the relations between two types of convergence for convex functions, J.
Math. Anal. Appl. 60 (1977), no. 1, 211–226. MR 0479398
24. L. A. Santalo´, An affine invariant for convex bodies of n-dimensional space, Portugaliae Math. 8 (1949),
155–161. MR 39293
25. R. Schneider, Convex bodies: The Brunn–Minkowski Theory, Encyclopedia of Mathematics and its Appli-
cations, Cambridge University Press, 2014.
26. R. A. Wijsman, Convergence of sequences of convex sets, cones and functions. II, Trans. Amer. Math. Soc.
123 (1966), 32–45. MR 0196599
School of Mathematical Sciences, Tel Aviv University
E-mail address: liben@mail.tau.ac.il
